Abstract. Recently, a distance function was defined on the face-centered cubic and body-centered cubic grids by combining weights and neighbourhood sequences. These distances share many properties with traditional path-based distance functions, such as the city-block distance, but are less rotational dependent. We present conditions for metricity and algorithms to compute the distances.
Introduction
When using non-standard grids such as the face-centered cubic (fcc) grid and the body-centered cubic (bcc) grid for 3D images, less samples are needed to obtain the same representation/reconstruction quality compared to the cubic grid [1] . This is one reason for the increasing interest in using these grids in, e.g., image acquisition [1] , image processing [2] [3] [4] , and visualization [5, 6] .
Measuring distances is of great importance in many applications. Because of its low rotational dependency, the Euclidean distance is often used as distance function. There are, however, applications where other distance functions are better suited. For example, when minimal cost-paths are computed, a distance function defined as the minimal cost-path between any two points is better suited, see, e.g., [7] , where the constrained distance transform is computed using the Euclidean distance resulting in a complex algorithm. The corresponding algorithm using a path-based approach is simple, fast, and easy to generalize to higher dimensions [8, 9] . Examples of path-based distances are weighted distances, where weights define the cost (distance) between neighbouring grid points [10, 3, 2] , and distances based on neighbourhood sequences (NS-distances), where the adjacency relation is allowed to vary along the path, but all steps are of unit weights [11, 4] . These path-based distance functions are generalizations of the well-known city-block and chessboard distance function defined for the square grid in [12] .
Neighbourhood sequences was mentioned in [13] , where vectors (steps) of various vector sets were periodically used to construct a shortest path between two points. A general definition of digital distances allowing both weights and neighbourhood sequences was presented in [14] . For the case with no weights, they presented non-metrical distances and conditions for the neighbourhood sequence to define metrical distance.
Das and his coathors [15] chosed the natural neighbourhood conditions of Z n and computed several results on digital distances by neighbourhood sequences but without using any weights. Note that in the square grid one of these so-called octagonal distances is mentioned already in 1968 [11] as a relatively good and simple approximation to the Euclidean distance in a digital way. Metrical distances are of importance both in theory and in applications. The necessary and sufficient condition for a neighbourhood sequence (without weights) to define a metric distance can be found in [15] for periodic neighbourhood sequences (NS) on Z n , in [16] for the non-periodic case, in [4] for the fcc and bcc grids.
In [17] NS and weights were together used in the sense of [14] , but with the well-known natural neighbourhood structure of Z 2 . In [17] , the basic theory for weighted distances based on neighbourhood sequences (weighted NS-distances) is presented including a formula for the distance between two points, conditions for metricity, optimal weight calculation, and an algorithm to compute the distance transform. In [18] , some results for weighted NS-distances on the fcc and bcc grids were presented. In this paper, we further develop the theory for weighted NS-distances on the fcc and bcc grids by presenting sufficient conditions for metricity and algorithms that can be used to compute the distance transform and a minimal cost-path between two points.
Note that the results presented here also apply to weighted distances and NSdistances, since they are both special cases of the proposed distance function.
Basic Notions and Previous Results
The following definitions of the fcc and bcc grids are used: F = {(x, y, z) : x, y, z ∈ Z and x + y + z ≡ 0 (mod 2)}.
(1)
When the result is valid for both F and B, the notation G is used. Two distinct points
The points p 1 , p 2 are adjacent if p 1 and p 2 are ρ-neighbours for some ρ. The ρ-neighbours which are not (ρ − 1)-neighbours are called strict ρ-neighbours. The neighbourhood relations are visualized in Figure 1 by showing the Voronoi regions, i.e. the voxels, corresponding to some adjacent grid points. A NS B is a sequence B = (b(i)) 
A path between p 0 and p n is denoted P p0,pn . A path is a B-path of length n if, for all i ∈ {1, 2, . . . , n}, p i−1 and p i are b(i)-neighbours. The notation 1-and (strict) 2-steps will be used for a step to a 1-neighbour and step to a (strict) 2-neighbour, respectively. The number of 1-steps and strict 2-steps in a given path P is denoted 1 P and 2 P , respectively.
between the points p 0 and p n is the length of (one of ) the shortest B-path(s) between the points.
Let the real numbers α and β (the weights) and a path P of length n, where exactly l (l ≤ n) adjacent grid points in the path are strict 2-neighbours, be given. The length of the (α, β)-weighted B-path P is (n − l)α + lβ. The B-path P between the points p 0 and p n is a minimal cost (α, β)-weighted B-path between the points p 0 and p n if no other (α, β)-weighted B-path between the points is shorter than the length of the (α, β)-weighted B-path P.
Definition 2. Given the NS B and the weights α, β, the weighted NS-distance d α,β (p 0 , p n ; B) is the length of (one of ) the minimal cost (α, β)-weighted Bpath(s) between the points.
The following notation is used:
We now recall from [18] the following two theorems giving the distance between two grid points (0, 0, 0) and (x, y, z), where x ≥ y ≥ z ≥ 0. We remark that by translation-invariance and symmetry, the distance between any two grid points is given by the formula below.
Remark 1. Hereafter, we will refer to "the weights α and β" as real numbers α and β such that 0 < α ≤ β ≤ 2α. This is natural since -a 2-step should be more expensive than a 1-step since strict 2-neighbours are intuitively at a larger distance than 1-neighbours (projection property) and
-two 1-steps should be more expensive than a 2-step -otherwise no 2-steps would be used in a minimal cost-path. Theorem 1. Let the NS B, the weights α, β and the point (x, y, z) ∈ F, where x ≥ y ≥ z ≥ 0, be given. The weighted NS-distance between 0 and (x, y, z) is given by
Theorem 2. Let the NS B, the weights α, β, and the point (x, y, z) ∈ B, where x ≥ y ≥ z ≥ 0, be given. The weighted NS-distance between 0 and (x, y, z) is given by
We collect some previous results about paths generating NS-distances and weighted NS-distances: Lemma 1. Let the NS B, the weights α, β, and the point p = (x, y, z) ∈ G, where x ≥ y ≥ z ≥ 0 be given. Then there is a path P 0,p such that i P 0,p is a shortest B-path, ii P 0,p is a minimal cost (α, β)-weighted B-path, and iii P 0,p consists only of the steps Proof. i and iii follow from Theorem 2 and Theorem 5 and their proofs in [4] for the fcc and bcc grids, respectively and ii follows from Lemma 4 in [18] .
⊓ ⊔ Remark 2. It follows from Lemma 1 that i and ii are valid for any point p ∈ G. Also, for any point p ∈ G, the paths can be limited to a few local steps as in iii by changing the sign and permuting the positions of the coordinates of the local steps.
3 Metricity of the Distance Functions Example 1. Let B = (2, 2, 1), α = 2, and β = 3. For the points p 1 = (0, 0, 0), p 2 = (4, 0, 0), and p 3 = (6, 0, 0) in fcc or bcc, we have
so the triangular inequality is violated and therefore, d 2,3 (·, ·; (2, 2, 1)) is not a metric on neither F nor B.
It is obvious that the distance functions are positive definite for positive weights. They are also symmetric since the fcc and bcc grids are point-lattices. To establish the condition of metricity, only the triangular inequality must be proved. As Example 1 shows, the triangular inequality is related to the weights and the number of occurences of 1 and 2 and their positions in the NS. We keep the weights within the interval in Remark 1 and to prove the main result about metricity, Theorem 3, we need some conditions also on the NS, namely: Given three points p 1 , p 2 , and p 3 in G, there are minimal cost-paths P p1,p2 , P p2,p3 , P p1,p3 such that
Eq. (3) is the triangular inequality for NS-distances and is given by the metricity of NS-distance proved in [4] . Eq. (4) can be interpreted the lengths of the paths obtained by replacing each 2-step by two 1-steps. Eq. (4) is not fulfilled for all shortest paths, as the following example shows. There are, however, always shortest paths (that are also minimal cost-paths) for any p 1 , p 2 , and p 3 such that also (4) is fulfilled. This is proved in Lemma 3 and 5 below. For Example 2, (4) is fulfilled with the path P p1,p3 defined by (0, 0, 0), (1, 1, 0), (2, 2, 0) and any p 2 . We will see that (3) together with α ≤ β and (4) together with β ≤ 2α implies metricity also for the (α, β)-weighted B-distance.
The fcc grid
Lemma 2. Let the weights α, β and the NS B be given. There is a minimal cost (α, β)-weighted B-path P = P p1,p2 defining the (α, β)-weighted NS-distance between p 1 = (x 1 , y 1 , z 1 ) ∈ F and p 2 = (x 2 , y 2 , z 2 ) ∈ F such that
The equality is attained when
Proof. Given a point (x, y, z) such that x ≥ y ≥ z ≥ 0, we use a path P ′ between 0 and (x, y, z) satisfying i-iii in Lemma 1. By Lemma 2 in [18] , we have
and
We recall that for x ≤ y + z,k = x+y+z 2 (see the proof of Theorem 2 in [4] ). Thus when x ≤ y + z,
This shows that the lemma holds for (x 1 , y 1 , z 1 ) = (0, 0, 0) and (x 2 , y 2 , z 2 ) = (x, y, z). The lemma holds also for the general case by translation invariance and symmetry.
⊓ ⊔ Lemma 3. Let the weights α, β and the NS B such that
there are minimal cost (α, β)-weighted B-paths P p1,p3 , P p1,p2 , P p1,p3 such that
Proof. Let p 1 and p 3 be such that |x 3 − x 1 | ≥ |y 3 − y 1 | ≥ |z 3 − z 1 |. We consider two cases:
Here we used (5) in Lemma 2 with equality, the triangular inequality for real numbers, and (5) in Lemma 2 respectively.
Here we used that 2 Pp 1 ,p 3 = 0 by Lemma 2 in [18] , the triangular inequality for NS-distances from [4] 
by Lemma 1), and that 2 Pp 1 ,p 2 , 2 Pp 2 ,p 3 ≥ 0, respectively. ⊓ ⊔
The bcc grid
Lemma 4. Let the weights α, β and the NS B be given. There is a path P defining the (α, β)-weighted NS-distance between (x 1 , y 1 , z 1 ) ∈ B and (x 2 , y 2 , z 2 ) ∈ B such that
Proof. Given a point (x, y, z) such that x ≥ y ≥ z ≥ 0, we use a path P ′ between 0 and (x, y, z) satisfying i-iii in Lemma 1. By Lemma 4 in [18] , P ′ is such that 1 P ′ = 2k − x and 2 P ′ = x −k. Therefore, 1 P ′ + 2 · 2 P ′ = x = max {x, y, z}. The general case follows by translation invariance and symmetry.
⊓ ⊔ Lemma 5. Let the weights α, β and the NS B be given. For any three points
Proof. Let p 1 and p 3 be such that
Here we used (6) in Lemma 4 with equality, the triangular inequality for real numbers, and (6) in Lemma 4 (again), respectively. ⊓ ⊔
Metricity
Theorem 3. d α,β (·, ·; B) is a metric on the fcc and bcc grids if
Proof. The positive definiteness and symmetry are trivial. We prove the triangular inequality. Let p 1 , p 2 , p 3 ∈ G be given. We will prove
In [4] , it is proved that when (7) is fulfilled, then the NS-distance defined by B is metric. Therefore,
. Thus,
for any shortest B-paths P p1,p3 , P p1,p2 , and P p2,p3 . By Lemma 3 and 5, it follows that
for some shortest B-paths P ′ p1,p3 , P ′ p1,p2 , and P ′ p2,p3 . By Lemma 1, there are paths such that P p1,p3 = P ′ p1,p3 , P p1,p2 = P ′ p1,p2 , and P p2,p3 = P ′ p2,p3 . We consider three cases:
By (10) and since α β ≤ 1 by (8),
Rewriting this gives (9) .
By (10) and since β > 0 by (8) , (9) is fulfilled.
By (11) and since 2α β ≥ 1 by (8),
Rewriting this gives (9).
Thus, (9) holds for all possible cases, so
Note that using the natural conditions for the weights α and β, the condition of metricity is exactly the same as for the non-weighted case (see [4] ), but the proof is more sophisticated. Thus, to check that a weighted NS distance function is a metric can be done with the same efficiency as for the non-weighted case.
Algorithms
In [19] , weights and neighbourhood sequences that are well-suited for applications are calculated. By minimizing a number of different error-functions measuring the deviation from the Euclidean distance, "optimal" parameters are obtained. Since we are working in digital grids, using the Euclidean distance leads to some unpleasant properties. For instance, the spheres (points with equal distance value from a given point) by the Euclidean distance are not connected (in any sense), opposite to the spheres defined by NS-distances. The Euclidean distance is not integer-valued, which is often preferred in picture analysis; NS-distances are integer-valued and using weights α, β ∈ N the weighted NS-distance is also integer-valued. Opposite to the weighted distances, the Euclidean distance is not regular on digital grids in the sense of [20] . As mentioned in the introduction, the weighted NS-distance is better suited for the computation of the constrained distance transform. Here, we give algorithms for the constrained distance transform and for finding one minimal cost (α, β)-weighted B-path between any two points.
Algorithm to find a minimal cost-path between two points
The following algorithms construct a shortest weighted NS path from 0 = (0, 0, 0) to the point p = (x, y, z) with x ≥ y ≥ z ≥ 0 in the bcc and fcc grids, respectively. The result is the point sequence 0 = p 0 , p 1 , . . . , p m = q as (one of) the (α, β)-weighted minimal cost B-paths and the distance d between 0 and q. The obtained paths satisfy Lemma 1.
